Abstract. A toric integrable geodesic flow on a manifold M is a completely integrable geodesic flow such that the integrals generate a homogeneous torus action on the punctured cotangent bundle T * M \ M . A toric integrable manifold is a manifold which has a toric integrable geodesic flow. Toric integrable manifolds can be characterized as those whose cosphere bundle (the sphere bundle in the cotangent bundle) have the structure of a contact toric manifold. In this paper, we identify all 3-dimensional toric integrable manifolds using a classification of contact toric manifolds and a method of detecting when a manifold is a cosphere bundle. There turns out to be only three diffeomorphism classes: the 3-sphere, the 3-torus and quotients of the 3-sphere by finite cyclic groups. All of these manifolds then possess toric integrable geodesic flows.
Introduction
The notion of a toric integrable manifold is a natural extension of ideas presented in a paper by Toth and Zelditch [TZ] who used so-called toric integrable geodesic flows to study boundedness properties of certain eigenfunctions associated to Laplacians. For an n-dimensional Riemannian manifold (Q, g), the geodesic flow is the Hamiltonian flow on T * Q of h ∈ C ∞ (T * Q), the square root of the energy map . That is, the geodesic flow is the flow of the Hamiltonian vector field X h associated to the function h q = (g * q (p, p)) 1/2 where g * is the dual metric on T * Q. Projecting to the base manifold Q we get geodesics.
A geodesic flow is toric integrable if there is an effective action of the n-torus T n on T * Q \ Q (the cotangent bundle of Q minus the zero section) which preserves the standard symplectic form on T * Q as well as the "energy functional" h and commutes with dilations, i.e. the action of R on T * Q \ Q given by ρ t (q, p) = (q, e t p). Thus, the action of T n descends to an action on (T * Q \ Q)/R which we identify with the cosphere bundle S(T * Q).
To examine toric integrable geodesic flows on S(T * Q), we employ techniques from contact geometry. Recall that a (co-oriented) contact structure on a manifold M is a codimension 1 distribution ξ ⊂ T M defined as the kernel of a global one form α having the property that dα| ξ is nondegenerate. This condition is equivalent to the punctured line bundle ξ • \ M being a symplectic submanifold of T * M \ M (here ξ • denotes the annihilator of ξ in T * M ).
Introducing the contact perspective is motivated by the fact that S(T * Q) is a contact manifold. The contact structure is the kernel of the Liouville one-form restricted to S(T * Q). Given an effective T n action on a contact manifold M , we say it is completely integrable if it preserves the contact form and 2 dim T n = dim M + 1. A contact toric manifold is a manifold with a completely integrable torus action. We will be especially interested to know when S(T * Q) can be given such a structure. In light of this, we define the manifold Q to be toric integrable if its cosphere bundle S(T * Q) is a contact toric manifold. Our aim is to classify all 3-dimensional compact, connected manifolds that have toric integrable geodesic flows. In order to achieve this, we begin by studying the classification of 5-dimensional contact toric manifolds. Using results from [Y] and [L2] , we have a list of all such manifolds. The next step is to determine which of these contact toric manifolds arise as the cosphere bundle of some compact, connected 3-manifold. In [MMO] we are given necessary conditions (on Betti numbers) for a manifold to be the punctured tangent bundle of some other manifold. Topologically, the punctured tangent bundle is no different than the cosphere bundle so this provides a method for detecting such bundles as well.
The main result is:
Theorem 1.1. Suppose Q is a compact, connected toric integrable 3-manifold. Then, Q is diffeomorphic to S 3 , T 3 or S 3 /Γ where Γ is a finite cyclic group.
For the most part, the methods employed in this classification are topological. Specifically, we make no attempt to classify metrics which admit toric integrable geodesic flows. In [LS] , it is shown that the existence of toric integrable geodesic flows on tori force the metric to be flat. The converse is also true: given a flat metric on a torus, there is a corresponding toric integrable geodesic flow. This is essentially the only result which classifies all such metrics for a given manifold.
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Contact Toric Manifolds
We begin by discussing the classification of contact toric manifolds. This was initiated by Banyaga and Molino in [BM] and completed by Lerman in [L2] . The classification in [L2] for manifolds of dimension greater than 3 splits into two cases: if M is a contact toric manifold of dimension greater than 3, then either M is a principal torus bundle over a sphere or is determined by the image of the associated contact moment map. In particular, the moment cone is a so-called "good cone" and to each of these there corresponds a unique compact, connected contact toric manifold.
Suppose M is a compact, connected contact toric manifold of dimension greater than 3. Then, M is either a principal T n bundle over a d-sphere or M is classified by a rational polyhedral cone.
In particular, when the rational polyhedral cone contains a subspace of dimension k ≥ 1 in the dual t * of the Lie algebra of the torus, we may identify M with T k × S 2n−k−1 . In the 5-dimensional case, for 1 ≤ k < 3, the manifold M is then either T 2 × S 3 or S 1 × S 4 . When k = 3 , M is a principal T 3 bundle over S 2 . Since principal T n bundles over spheres are classified by the homology groups H 2 (S d ; Z n ), and the spheres have trivial second cohomology when d = 2, all of these principal n-torus bundles are trivial unless d = 2. In this case, we will eventually have to appeal to the Serre spectral sequence to understand the topology of the nontrivial principal T 3 bundle over S 2 .
On the other hand, we have also the result in [Y] , based off work by [OH] , which gives a list of simply conected 5-dimensional K-contact manifolds. When Q is a contact toric manifold, the action of T n on the cotangent bundle preserves the standard symplectic form, and hence preserves the Liouville one-form α. In addition, the T n action is of Reeb type. By a result in [L2] , every contact toric manifold is a K-contact manifold. Hence, Yamazaki's result gives us a complete classification of 5 dimensional compact, simply connected contact toric manifolds.
Theorem 2.2. [Y]
Suppose M is a closed, simply connected 5-manifold. Denote by w 2 (M ) the second Stiefel-Whitney class of the bundle T M → M . Then, M admits a K-contact structure with a T 3 action having r closed orbits of the flow of the Reeb vector field if and only if M is diffeomorphic to
It is important to note here that if M does indeed admit the structure of a contact toric manifold with r closed orbits of the Reeb flow, then r ≥ 3. In particular, r ≥ 4 if w 2 (M ) = 0.
The two previous theorems give us a complete classification of contact toric manifolds in dimension 5. We will exploit this list in the next section when we determine which of these are indeed cosphere bundles over some 3-dimensional manifold. One feature of contact toric manifolds whose fundamental groups are finite will also be used: Proposition 2.3. Suppose M is a contact toric manifold with finite fundamental group. Denote by M be the universal cover of M . Then, M is a compact contact toric manifold.
Proof. We have to verify both that M admits a contact structure and that the torus action on M lifts to a torus action on M . First note that being a contact manifold is a local condition. Since a covering map is a local diffeomorphism, ths contact structure on M lifts to a contact structure on M .
We now lift the torus action from M to M . We claim it is enough to lift an S 1 action since a product of groups acts on a manifold if and only if each component does and these actions commute.
So, let S 1 act smoothly on M . This action generates a vector field X on M . Denote by φ t the flow of X. If we view S 1 as R/Z, we see that φ t = φ t+1 for any t. Since the covering map π : M → M is a local diffeomorphism, we may lift X to a vector field X on M with corresponding flowφ. We claim that for some positive integer k, φ t = φ t+k for all t. Hence, the S 1 action will lift to M (with perhaps a different parameterization of S 1 ). Now, the fundamental group of M is finite, so for any point x ∈ M , the fiber π −1 (x) is finite, say cardinality m. Since M is assumed connected, the number of elements in the fiber is constant over each point in M so we need only argue pointwise. Now, for anyx ∈ π −1 (x), note thatφ(x) ∈ π −1 (x) as well sinceφ was gotten by lifting φ locally. In other words, π(φ(x)) = φ(x). Since the fibers have only finitely many elements, and the flow ofX always stays within fibers, there must be some k withφ t (x) =φ t+k (x) for all t.
Cosphere Bundles and Simply Connected Contact Toric Manifolds
We now turn to the topology of cosphere bundles. A topological method for detecting unit tangent bundles (and hence cosphere bundles) is given in [MMO] . The results are stated in terms of the ith Betti number, β i of the manifold and the ith torsion part T i of the integral homology of the manifold. The crux of our computations will use the following result(s):
Theorem 3.1. [MMO] Suppose M is a connected, (2n − 1)-dimensional manifold. Then, if M arises as the cosphere bundle of some n-manifold Q, (i) β 2n−1 (M ) = 1 and T n−1 (M ) is cyclic or trivial if Q is compact and orientable, (ii) β 2n−1 (M ) = 1 and T n−1 (M ) has order 4 if Q is compact and nonorientable. In addition, if T n−1 (M ) is trivial and M is the cosphere bundle of some compact, orientable manifold Q, we have
Using these results, we can classify all toric integrable 3-manifolds whose cosphere bundles are simply connected. We shall establish Theorem 3.2. The only compact, connected, simply connected toric integrable 3-manifold is S 3 .
To prove this, we rely on a sequence of results about the integral homology of the K-contact manifolds listed in Theorem 2.1. Lemma 3.3. The contact toric manifold S 5 does not arise as the cosphere bundle of any compact, connected 3-manifold.
Proof. Suppose that S 5 is the cosphere bundle of such a manifold. Then, by Theorem 3.1 (2) we would have 1 ± 1 = 1 since β i (S 5 ) = 1 if and only iff i = 0 or 5.
Proposition 3.4. For k > 0, we have
Proof. The case k = 1 follows from applying the Künneth formula to S 2 × S 3 to get Betti numbers 
Proof. When k = 0, we are making a statement about the Betti numbers of S 2× S 3 . Now, the Wang sequence for the fiber bundle S 3 ֒→ S 2× S 3 → S 2 yields Corollary 3.6. The only possible simply connected, compact contact toric cosphere bundles are S 2 × S 3 and S 2× S 3 .
Proof. When w 2 (M ) = 0 and r ≥ 3, equation (2) of Theorem 2.2 applied to ♯ r−3 (S 2 × S 3 ) gives 0 = 4 − r. By equation (1) of the same theorem, the only possibilities for r are r = 3 or r = 4. But 0 = 4 − 1 = 1, and when r = 4 we have S 2 × S 3 .
Similarly, when w 2 (M ) = 0, we have r ≥ 4. Equation (1) again provides 0 = 4 − r. This is only possible when r = 4 and hence S 2× S 3 is a possibility.
We are now in a position to prove Theorem 3.2:
Proof. (of Theorem 3.2) First note that S 3 is parallelizable, and hence has a trivial tangent bundle. Thus, the set of unit vectors in T * (S 3 ) = S 3 × R 3 is identically S 3 × S 2 . So, by Corollary 3.6, since the cosphere bundle of S 3 is contact toric, S 3 is a toric integrable manifold.
To conclude the proof, we now show that S 2× S 3 cannot arise as the cosphere bundle of any compact 3-manifold Q. First note that, by Theorem 3.1(i), Q must be orientable since T 2 (S 2× S 3 ) is trivial. So, Q is compact and orientable and by a theorem of Stiefel (see [P] for a proof using obstruction theory) it is parallelizable. Hence, T Q = Q × R 3 . So, S(T Q) = Q × S 2 . Again, since Q is parallelizable, w 2 (Q × S 2 ) = w 2 (S 2 ). But, w 2 (S 2 ) = 0 by naturality of the Stiefel-Whitney classes (see [MS] for details). Since w 2 (S 2× S 3 ) = 0, it cannot occur as the cosphere bundle of Q.
Non-Simply Connected Contact Toric Cosphere Bundles
In the previous section we considered only cosphere bundles which are simply connected. As we shall see, this helps us in completing our classification of toric integrable 3-manifolds. We begin by making an observation:
Proposition 4.1. T 3 admits a toric integrable geodesic flow, i.e. it is a toric integrable manifold.
Proof. Since T 3 is a Lie group, it is parallelizable (the nowhere-vanishing global frame is given by the left-invariant vector fields) and hence S(T * T 3 ) = T 3 × S 2 . But, T 3 × S 2 is the total space of the trivial T 3 bundle over S 2 . Hence, by Theorem 2.2., T 3 × S 2 admits the structure of a contact toric manifold. We conclude that T 3 is toric integrable. Lemma 4.2. Suppose that M is a non-simply connected 5-manifold, M = S(T * Q) for some compact, connected 3-manifold Q = T 3 . Then, the fundamental group of M is finite.
Proof. In Theorem 2.2, we see that the only 5-dimensional contact toric manifolds which are not simply connected and have infinite fundamental group are diffeomorphic to a principal T 3 bundle over S 2 , T 2 ×S 3 or S 1 ×S 4 . Now, applying the Künneth formula to the latter two spaces, we see that β 2 (T 2 × S 3 ) − β 4 (T 2 × S 3 ) = 1 − 2 < 0 and β 2 (S 1 × S 4 ) − β 4 (S 1 × S 4 ) = 0 − 1 < 0. So, by Theorem 2.2, none of these arises as the cosphere bundle of any manifold.
It remains to show that a (nontrivial) principal T 3 bundle P over S 2 cannot arise as the cosphere bundle over any compact 3-manifold Q. In order to calculate the Betti numbers of such bundles, we employ the cohomology Serre spectral sequence with rational coefficients. Denote by E p,q n the (p, q)th entry on the nth page of the spectral sequence. Denote by a, b, c the generators of H 1 (T 3 ) and by x the generator of H 2 (S 2 ). Then, using the multiplicative structure on the spectral sequence we have 
Now, we may break our computations down into essentially 4 cases: all of a ′ , b ′ , c ′ are zero, none are zero, at most one is zero and at most two are zero. These cases cover all possible situations as the above expressions represent a symmetric situation. Now, when a ′ = b ′ = c ′ = 0, the principal bundle is trivial and by Proposition 4.1, P is the cosphere bundle of T 3 .
For illustration, we now compute the Betti numbers of P when none of a ′ , b ′ , c ′ are zero. In this case, E p,q
Since we are only looking for Betti numbers, we need only find the sums of the ranks of kernels and cokernels along the "diagonals". Now, ker d 1 2 contains terms like b ′ c − c ′ b and is hence free on 3 generators. So, β 1 (P ) = 3 since E 1,0 3 = 0. Similarly, we can see that β 2 (P ) = 1, β 3 (P ) = 2, β 4 (P ) = 2 and β 5 (P ) = 1. By Theorem 3.1 (2), we see that in this case P cannot arise as the cosphere bundle of a compact, connected manifold Q.
In a similar fashion, we may compute the Betti numbers of P in each of the above cases. As it turns out, when exactly one or two of a ′ , b ′ , c ′ is zero we have β i (P ) = 2 if i = 1, 4 1 if i = 0, 2, 3, 5 which again violates conditions imposed in Theorem 2.2. It follows that none of the possible total spaces P under consideration arise as cosphere bundles.
We will need one additional fact about cosphere bundles and universal covering spaces of manifolds.
Lemma 4.3. Suppose M = S(T * Q) for some manifold Q. Then, if M is the universal cover of M , M = S(T * Q) where Q is the universal cover of Q.
Proof. Let p :Q → Q be the covering projection. Since p is a local diffeomorphism, it induces a bundle isomorphism T * Q → T * Q . So, S(T * Q) ≈ S(T * Q ). Similarly, the covering map M → S(T * Q) is a local diffeomorphism and we conclude that M ≈ S(T * Q ).
We now complete the proof of Theorem 1.1. We know that whenever the cosphere bundle of a toric integrable 3-manifold is simply connected, then the manifold is diffeomorphic to S 3 . Using this, we are able to show Theorem 4.4. If Q is a toric integrable manifold such that M = S(T * Q) is not simply connected, then Q is diffeomorphic to S 3 /Γ where Γ is a finite subgroup of T 3 .
Proof. Consider the universal cover M of M . We know from Lemmas 4.2 and 4.3 that M is a contact toric manifold and the cosphere bundle of Q. Since universal covers are simply connected, M = S 2 × S 3 and Q = S 3 . Hence, Q ≈ S 3 /π 1 (Q), where π 1 (Q) denotes the fundamental group of Q. Now, consider the bundle S 2 ֒→ M → Q. Since S 2 is simply connected, by the long exact sequence in homotopy we can see that π 1 M ∼ = π 1 (Q). Hence, Q ≃ S 3 /π 1 (M ). In [L1] it is shown that the fundamental group of a contact toric T 3 -manifold is a quotient of the integral sublattice Z T 3 := ker{exp : t → T 3 }, where t denotes the Lie algebra of T 3 . So, π 1 (M ) is isomorphic to a product of at most 3 finite cyclic groups.
We now show that Γ = π 1 M is indeed a cyclic group. Write Γ = Z m ×Z n ×Z k . If the greatest common divisor gcd(m, n, k) = 1, then Γ is isomorphic to a finite cyclic group. So, suppose not. Then, gcd(m, n, k) = l = 1 and there is some prime p dividing l and hence each of m, n, k. So, Γ contains Z p × Z p × {0} as a noncyclic subgroup of order p 2 . By a theorem of Madsen,Thomas and Wall [MTW] , Γ cannot act freely on S 3 and hence cannot be an isomorphic copy of π 1 M . A similar argument applies if Γ is assumed to be a product of two finite cyclics, and hence the only way Γ can act freely on S 3 is if it is a finite cyclic group. This completes the proof of Theorem 1.1.
It would be interesting indeed to identify the spaces S 3 /Γ for any given finite cyclic group Γ. In [MR] , we see that whenever Γ has order 2,6,12 or 2 k for k ≥ 2, S 3 /Γ can be identified with a lens space. That is, in each case, the corresponding diffeomorphism from the action lies in or is conjugate via a diffeomorphism of S 3 to an element of SO(4). More generally, the Thurston Geometrization Conjecture would imply that any manifold which can be realized as S 3 /Γ is in fact a lens space.
